An approximate analysis of the problem of the transient free convective transfer flow of a Newtonian non-gray optically thin fluid past an isothermal vertical oscillating porous plate in the presence of chemical reaction and heat generation/absorption is studied. The dimensionless governing coupled linear partial differential equations are solved using a spectral relaxation method. The essence of the method of the solution-spectral relaxation method SRM is to linearize and decouple the original system of PDEs to form a sequence of independent linear equations that can be solved iteratively. The SRM approach applies the spectral collocation method and a finite different method independently in all underlying independent variables to obtain approximate solutions of the problem. Detailed computations on the influence of the chemical reaction parameter A 2 , the thermal radiation parameter R, the number Sc, the heat absorption/generation parameter Q 1 , and the Prandtl number on the flow velocity, temperature, and concentration distributions are illustrated graphically and in table format. It is observed that the flow velocity increases with the increase in either thermal radiation or thermal Grashof number. The temperature profile increases with the increase in either the thermal radiation parameter or the heat absorption/generation parameter. The rate of heat transfer decreases with the increase in the thermal radiation parameter, whereas it increases with increasing value of the heat generation/absorption parameter.
Introduction
The phenomenon of free convection arises in the fluid, when temperature changes cause density variation leading to buoyancy forces acting on the fluid element. This can be seen in our everyday life in atmospheric flow which is driven by temperature differences. Free convection flow is a significant factor in several practical applications, which include, for example, cooling of electronic components, in designs related to thermal insulation, material processing, and geothermal systems, etc.
Extensive research has been conducted on free convection flow past a vertical plate see for instance Ostrach [] and many others. Free convection at a vertical plate with transpiration was investigated by Kolar and Sastri [] . Ramanaiah and Malarvizi [] considered natural convection adjacent to a surface with three thermal boundary conditions. Pop and Soundalgekar [] investigated the free convection flow past an accelerated infinite plate. Raptis et al. [] studied the unsteady free convective flow through a porous medium adjacent to a semi-infinite vertical plate using finite difference scheme. Singh and Soundalgekar [] investigated the problem of transient free convection in cold water past an infinite vertical porous plate. Flows past a vertical plate oscillating in its own plane have many industrial applications. The first exact solution of the Navier-Stokes equation was given by Stoke [] which is concerned with flow of viscous incompressible fluid past a horizontal plate oscillating in its own plane. Natural convection effects on the Stokes problem was further investigated by Soundalgekar [] . The same problem was considered by Senapati et al. [] for an impulsively started or oscillating plate. Gupta et al. [] analyzed flow in the Ekman layer on an oscillating plate. An exact solution to the flow of a viscous incompressible unsteady flow past an infinite vertical oscillating plate with variable temperature and mass diffusion by taking into account of the homogeneous chemical reaction of first order was investigated by Muthucumarswamy and Meenakshisundaram [] . Kishore et al. [] studied hydromagnetics flow of a viscous incompressible fluid past an oscillating vertical plate embedded in a porous medium with radiation, viscous dissipation and variable heat, and mass diffusion. The governing equations were solved numerically. It is observed that plate oscillation, variable mass diffusion, radiation, viscous dissipation, and a porous medium affect the flow profiles significantly. The process of heat and mass transfer in free convection flow have attracted the attention of a number of scholars due to its application in many branches of science and engineering, viz. in the early stages of melting adjacent to heated surfaces, in chemical engineering processes which are classified as a mass transfer processes, in a cooling device. Gupta and Gupta [] studied the heat and mass transfer corresponding to the similarity solution for the boundary layer flow over an isothermal stretching sheet subject to blowing or suction. Elbashbeshy [] investigated heat transfer over a stretching surface with variable and uniform surface heat flux subject to injection and suction.
In the above mentioned studies the effects of linear heat generation (heat sources/sinks) have not been considered and due to its versatile applicability to ceramic tiles production, the study of heat transfer in the presence of a source/sink has acquired newer dimensions. The study of heat generation or absorption in moving fluids is important in problems dealing with chemical reactions and those concerned with dissociating fluids. Possible heat generation effects may alter the temperature distribution; and, consequently, the particle deposition rate in nuclear reactors, electronic chips, and semi-conductor wafers. Also, heat generation or absorption effects in moving fluids are important in view of several physical problems, such as fluids undergoing exothermic or endothermic chemical reactions. Vajravelu and Hadjinicolaou [] studied the convective heat transfer in an electrically conducting fluid near an isothermal stretching sheet and they studied the effect of internal heat generation or absorption. Chamkha [] investigated unsteady convective heat and mass transfer past a semi-infinite porous moving plate with heat absorption. Hady et al. [] studied the problem of free convection flow along a vertical wavy surface embedded in electrically conducting fluid saturated porous media in the presence of an internal heat generation or absorption effect.
The growing need for chemical reaction in industries and engineering requires the study of heat and mass transfer in the presence of different conditions and parameters with a chemical reaction. There are many transfer processes that are governed by the combined action of buoyancy forces due to both thermal and mass diffusion in the presence of a chemical reaction. Chemical reactions can be classified as either homogeneous or heterogeneous processes. A homogeneous reaction is one that occurs uniformly through a given phase. In contrast, a heterogeneous reaction takes place in a restricted region or within the boundary of a phase. A reaction is said to be of first order if the rate of reaction is directly proportional to the concentration itself, which has many applications in different chemical engineering processes and other industrial applications such as polymer production, manufacturing of ceramics or glassware, and food processing [] . It has many applications in nuclear reactor and combustion, solar collectors, drying, dehydration operations in chemical and food processing plants, polymer production, etc. The effect of a chemical reaction on a moving isothermal vertical surface with suction has been considered by Muthucumarswamy [] . Considering this in the study of a chemical reaction, Das et analyzed the effect of a chemical reaction on the unsteady flow past an impulsively started semi-infinite vertical plate, which is subject to uniform heat flux. On the other hand, radiation heat transfer effects from a porous wall on free convective flow are very important in space technology and high temperature processes, and very little is known about the effects of radiation on the boundary layer of a radiative fluid past a body. The inclusion of radiation effects in the energy equation leads to a highly non-linear partial differential equation. Actually, many processes in new engineering areas occur at high temperature and knowledge of radiation heat transfer becomes imperative for the design of the pertinent equipment. Nuclear power plants, gas turbines, and the various propulsion devices for aircraft, missiles, satellites, and space vehicles are examples of such engineering areas. The radiation effects of the free convective flow of a gas past a semi-infinite flat plate was studied by Soundalgekar et al. [] using the Cogley-Vincenti-Giles equilibrium model [] . Hossain and Takhar [] studied the effects of radiation of an optically dense viscous incompressible fluid past a heated vertical plate with uniform free stream velocity and surface temperature. In similar research work, Makinde [] investigated the effect of thermal radiation on the free convective flow and mass transfer past a moving vertical porous plate using a superposition method and reported that increase in thermal radiation intensity will definitely enhance the fluid velocity and promote a boundary layer within the flow regime. In this analysis, consideration had been given to gray gases that emit and absorb, but do not scatter thermal radiation; they noted that the Rosseland dif-fusion approximation provides one of the most straightforward simplifications of the full integro-partial differential equations.
In view of the significance of the radiation effect as well as the chemical reaction and heat generation effects, we propose in the present paper to investigate the effects of radiation on free convective heat and mass transfer past an isothermal vertical oscillating porous plate in the presence of a chemical reaction and heat generation, using a spectral relaxation method. The governing boundary layer equations are transformed using dimensionless quantities to yield a coupled linear system of partial differential equations. The transformed governing equations are an approach using a spectral relaxation method. The spectral relaxation method is a new numerical method, proposed by Motsa [] , that can be used to solve linear and non-linear systems of boundary value problems. Our main objectives are to study the effect of the radiation parameter and heat generation on the flow and transport characteristics using SRM. Our work is an extension to the work done by Muthucumaraswamy and Janakiraman [] by considering the effect of thermal diffusion and heat generation on the flow and heat and mass transfer.
Problem formulation
Unsteady flow of a viscous incompressible fluid past an impulsively started infinite isothermal vertical oscillating plate with mass diffusion, in the presence of homogeneous chemical reaction of the first order, thermal radiation and a heat generation source, is investigated. We consider an unsteady flow of a viscous incompressible fluid which is initially at rest and surrounds an infinite vertical plate with temperature T ∞ and concentration C ∞ . The x-axis is taken along the plate in the vertically upward direction and the y-axis is taken normal to the plate. Initially, it is assumed that the plate and the fluid are of the same temperature and concentration. At time t > , the plate starts oscillating in its own plane with frequency ω and the temperature of the plate is raised to T w and the concentration level near the plate is also raised to C w . It is assumed that there exists a first-order chemical reaction between the fluid and the species concentration. The contribution of the thermal radiative heat loss is based on a Rosseland approximation. Most of the effort in understanding fluid radiation is devoted to the derivation of a reasonable simplification. The Rosseland approximation requires that the medium is optically dense and radiation travels only a short distance before being scattered or absorbed. Then by Rosseland and Boussinesq's approximations, the unsteady flow is governed by the following equations:
subject to
The continuity equation on integration gives
where V o is the normal velocity of suction and injection at the wall according to whether V o >  or V o < , respectively, V o =  represents a non-permeable wall. As the plate is assumed to be infinite in length, the physical variables are functions of y and t only. Here u is the velocity in the x direction, the time t , g is the acceleration due to gravity, β t is the volumetric coefficient of thermal expansion, β c the volumetric coefficient of expansion for concentration, T the temperature of the fluid near the plate, T ∞ is the temperature of the fluid far away from the plate, C the species concentration in the fluid far away from the plate, C ∞ the species concentration at the plate, τ the characteristic time, ν the kinematic viscosity, ρ the density, C p the specific heat at constant pressure, α the thermal diffusivity, and D is the mass diffusion coefficient. In this paper, the effect of thermal radiation is studied on the flow to further establish the radiative heat loss due to thermal radiation during convection. It is necessary to point out that most of the effort in understanding the fluid thermal radiation is primarily devoted to the derivation of reasonable simplification of the model [] . One of these models was proposed by Cogley et al. [] with the assumption that the fluid is in the optically thin limit and accordingly the fluid does not absorb its own radiation but only absorbs the radiation emitted by the flow boundaries. But for optically thick fluid such as gas,the self-absorption rises and the situation become difficult. However, such a problem can be simplified by using the so-called Rosseland approximation (Rosseland, ). The Rosseland approximation requires that the medium is optically dense and radiation travels only a short distance before being scattered or absorbed. We are concerned with the study of thermal radiation of heat within the optically thick fluid before the heat is scattered. Hence radiative heat transfer is taken into account and the Rosseland equation is used to model the thermal radiation of the working fluid. The Rosseland equation is a simplified model of radiative transfer equation (RTE). When the working fluid has a great extinction coefficient, it can be treated as an optically thick fluid. q r is the radiative heat flux and is defined using the Rosseland approximation [, ] as
where σ * is Stefan-Boltzmann constant and K * is called the absorption coefficient. We assumed that the temperature difference within the flow regime is sufficiently small such that T  can be expressed as a linear function of the free stream temperature of the flow.
This can be derived by expanding T  in a Taylor series about T ∞ and neglecting higherorder terms. We consider the Taylor series expansion of a function f (x) about x  , 
To facilitate approximate solutions to the model, we introduce the following dimensionless quantities:
into the governing equations ()-() and obtain
subject to the transformed boundary conditions:
where R is the thermal radiation parameter, Pr is the Prandtl number, A  is the chemical reaction parameter, ω is the phase angle, Gr is the thermal Grashof number, Gc is the Grashof mass number, Sc is the Schmidtl number, and Q  is the heat absorption generation parameter.
Numerical method: spectral relaxation method (SRM)
Here, we discuss the application of the numerical method called the spectral relaxation method (SRM) to obtain an approximate solution of the partial differential equations ()-() subject to conditions ()-(). In the application of SRM, it is fundamental to apply an efficient linearization technique to derive a system of linear equations that can be discretized using basic discretization scheme. The SRM as proposed by Motsa [, ] adopts the Gauss-Seidel approach to decouple non-linear systems of equations. Similarly, in this section we apply the Gauss-Seidel technique to linearize and decouple the system of equations ()-(). Afterward, the equations of the resulting system are discretized to obtain iterative schemes that evaluate the linear terms at the current iterating level, denoted by (r + ), and the non-linear terms at the previous level, represented as (r). Adopting the SRM steps mentioned above on the systems of non-linear partial differential equations yields the following linear PDEs:
where the coefficient parameter a ,r is defined as a ,r (η, τ ) = Grθ r + Gcφ r .
The initial approximation for solving equations ()-() are obtained at τ =  with due consideration of the boundary conditions ()-(). Hence
The system of equations ()-() can be solved iteratively for the unknown functions by adopting the initial approximations given in ()-() as starting values. The iteration schemes (), (), and () are solved iteratively for u r+ (η, τ ), θ r+ (η, τ ), and φ r+ (η; τ ) when r = , , , . . . . To solve the system of equations ()-(), the equations are first discretized using the Chebyshev spectral collocation method with respect to an η independent variable and, second, the implicit forward finite difference method in the τ direction. The finite difference scheme is used with centering about a mid-point between τ n+ and τ n . The mid-point of the scheme is expressed as
Thus, implementing the centering about τ n+   for the unknown functions, say u(η, τ ) and its associated derivative, we obtain
Suppose we apply the Chebyshev spectral collocation method on the system of equations ()-() before applying the finite differences. We obtain
Now we apply the forward finite difference scheme defined in equation () to equations ()-(), in the τ -direction with centering about the mid-point τ n+   to obtain the following systems of decoupled equations:
subject to the following initial and boundary conditions:
where w = cos ωτ . The matrices above are defined as follows:
We note that I is an identity matrix of size (N x + ) * (N x + ), U, , and are the vectors of the unknown functions u; θ and φ evaluated at the grid points and  is a zero vector of size (N x + ) * . The boundary conditions ()-() are imposed on the first and last rows of ()-() as follows:
()
Hence, by adopting the initial approximations given by equations ()-() for u  (τ , η), θ  (τ , η) and φ  (τ , η), respectively, equations ()-() are solved iteratively to obtain approximate solutions for the unknown functions U r+ (τ , η), θ r+ (τ , η), and φ r+ (τ , η), with r = , , , , . . . . From the velocity, temperature, and concentration profiles, we now study the effects of the various parameters on the skin-friction coefficient, the local heat transfer rate (Nusselt number), and the mass transfer rate (Sherwood number). In practical engineering applications, the physical quantities of practical values are the local skin friction coefficient, the local Nusselt number of the flow, and the Sherwood number. These are defined according to [] as
Nusselt number: Nu = -
kν(
∂T ∂y
Sherwood number: Sh = -
Using the dimensional quantities in equations ()-(), the quantities above can be represented by
Results and discussion
We have presented an approximate solution for the non-dimensional velocity, temperature, and concentration profiles at various values of pertinent parameters of the flow, in Figure  , first graph, shows the influence of the thermal buoyancy force parameter Gr on the velocity. As can be seen from this figure, the velocity profile increases with the increase in the values of the thermal buoyancy parameter (i.e. the thermal Grashof number). It is observed that the velocity profile momentarily increases in the boundary layer region. The buoyancy force acts like a favorable pressure gradient, which accelerates the fluid within the boundary layer and hence increases the boundary layer thickness. The solutal buoyancy force parameter Gc has the same effect on the velocity profile as Gr (see Figure (left) ). There is little or no significant effect of the thermal Grashof number on the temperature and concentration profiles of the flow. Figure  depicts the effect of varying thermal radiation parameter R on the flow velocity, temperature, and concentration flow. We observe that the thermal radiation enhances convective flow in such a way that the flow velocity increases with the increase in the thermal radiation parameter R. We observe that the thermal radiation enhances heat transfer as the thermal boundary layer thickness increases with the increase in the thermal radiation. The temperature distribution is enhanced with an increase in the thermal radiation parameter. Larger values of thermal radiation parameter provide more heat to the working fluid, which results in an enhancement in the temperature and thermal boundary layer thickness. There is no significant effect of the thermal radiation parameter on the concentration distribution in flow. The effect of the Schmidt number Sc on the flow profiles is shown in Figure  . It can be seen from the figures that, as the Schmidt number increases, the flow velocity and volume fraction (concentration profile) decrease across the boundary layer region. A higher Schmidt number implies a lower Brownian diffusion coefficient, which will give rise to a shorter penetration depth for the concentration boundary layer. The effect of the Schmidt number on the temperature distribution is not significant. Figure  illustrates the influence of the heat absorption coefficient Q  on the velocity, temperature, and concentration distributions. Physically, the presence of heat absorption (thermal sink) on a flow often leads to a net reduction in the flow velocity. This behavior is seen from the first part of Figure  in which the velocity decreases as Q  increases. The hydrodynamic boundary layer decreases as the heat absorption effects increase. Figure  (right) depicts the effects of the heat absorption parameter Q  on the temperature distribution. It is observed that the boundary layer generated more heat energy into the flow and thereby raised the temperature profile of the flow. This is because when heat is gained, the buoyancy force increases the temperature profile. Numerical results of the skin-friction coefficient τ * , the Nusselt number Nu, and the Sherwood number Sh against the thermal radiation parameter and heat absorption/generation parameter are presented in tabular form in Tables  and . The influence of thermal radiation on the skin friction coefficient, the Nusselt number, and the Sherwood number is shown in Table  . We clearly observe from the table that the absolute values of the skin-friction coefficient increases as the thermal radiation parameter R increases. The thermal radiation parameter has an opposite effect on the Nusselt number. It is seen in Table  that the skin-friction coefficient and the local heat transfer rate (Nusselt number) increase with the increase in the heat generation parameter.
Conclusion
This study presented an approximate analysis on the problem of a transient free convective transfer flow of a Newtonian non-gray optically thin fluid past an isothermal vertical oscillating porous plate in the presence of a chemical reaction and heat generation/absorption. The coupled non-linear governing equations were solved using the spectral relaxation method. In this paper, the spectral collocation method derived in terms of Lagrange interpolation polynomials and adapted to decoupled non-linear systems of partial differential equations using relaxation techniques has been applied. The application of the method was found to be straightforward because it does not depend on any linearization, expansions and the discretization of the ordinary or partial derivatives whcih has its basis on simple formulas. The influence of various physical parameters such as the heat generation parameter, the Prandtl number, the Schmidtl number, thermal radiation, etc., were also investigated and analyzed. Our findings reveal that:
Buoyancy parameters such as the thermal Grashof number and the mass Grashof number increase the velocity distribution within the momentum boundary layer. The presence of heat absorption enhances the temperature distribution and reduces the fluid velocity profile. The concentration distribution decreases with increasing value of the chemical reaction parameter. Both the velocity and the temperature profiles increase with increasing values of thermal radiation parameter. 
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